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Abstract 

In this paper we demonstrate the construction of some GR solu- 
tions for spacetimes of Petrov Type D with vanishing S0(3,C) angles. 
The solutions are obtained purely by application of the initial value 
constraints in the instanton representation. 
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1 Introduction 



In [1] a new formulation of nonmetric general relativity is presented, where 
the basic phase space variables are a self-dual connection and the self-dual 
part of the Weyl curvature.^ The action for this formulation is dual to the 
Ashtekar theory and arises from the starting Plebanski action. It is shown in 
[1] that the instanton representation reproduces the Einstein equations up to 
terms which are spatial gradients of the initial value constraints. This implies 
that a necessary condition for the new formulation to yield the Einstein 
equations is that the initial value constraints must be satisfied. We would 
like to investigate the notion that this should as well be a sufficient condition. 
This would imply that by satisfying the initial value constraints, one should 
be able to construct solutions to the Einstein equations in the form of the 
spacetime metric y^j/. In the instanton representation the metric is a derived 
quantity, which should in principle be expressible directly in terms of the 
physical degrees of freedom. The 3-1-1 decomposition of the metric clearly 
delineates the separation of the physical from the unphysical degrees of 
freedom of GR. It happens that the inputs for these degrees of freedom come 
directly from the instanton representation phase space, via implementation 
of the constraints. In this paper we demonstrate this feature for some simple 
nontrivial cases. 

The organization of this paper is as follows. In section 2 we present 
the initial value constraints of the instanton representation. The constraints 
are written entirely in the language of the 3-dimensional complex orthogo- 
nal group, and do not contain any reference to a metric or to coordinates. 
Section 3 performs a transformation of the constraints from the instanton 
representation into the Ashtekar variables, which implies an inherent choice 
of coordinates. We then construct solutions to the initial value constraints 
in the instanton representation for spacctimes of Pctrov Type D, and re- 
construct the spacetime metric from these solutions. The only inputs into 
this construction are the eigenvalues of the self-dual Weyl curvature (CDJ 
matrix) and the connection, and for simplicity We have limited ourselves 
in this paper to spacetimes where the 50(3,C) angles vanish. We produce 
some known GR solutions including the Schwarzchild and DcSittcr blackhole 
solutions using this scheme, which is shown in sections 5 and 6. In section 
7 we apply the scheme to different permuations of the eigenvalues, which 
leads to some new metrics which we display. Section 8 is a brief discussion 

^Thc nonmetric foiinulation in [2] due to Jaboson, Caopvilla and Dell writes GR almost 
completely in terms of the connection. Our new formulation can be seen as the analogous 
action at the level prior to elimination of the Weyl curvature, which therefore contains 
additional fields. 
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section. Section 9 is an appendix where we derive the polar representation of 
the Gauss' law constraint as differential equations for the 50(3, C) angles. 



2 Initial value constraints 

In the instanton representation of Plebanski gravity the basic phase space 
variables are (A^, ^ae); where is a SO{3, C) gauge connection and ^ae is 
the CD J matrix, which takes its values in 50(3, C) ® 50(3, C). The initial 
value constraints in this representation are given by 



We{^'„e} = 0; edae*ae = 0; A + tr*-^ = 0. (1) 

The middle equation of (1) implies = ^eo is symmetric. A complex sym- 
metric matrix can be diagonalized by a special complex orthogonal trans- 
formation, when there exist three linearly independent eigenvectors. Hence 
for nondegenerate *ae we can write the following polar decomposition 



*ae = (e^-^)„/AHe-^-^)/e, (2) 

where 6 = {6^,9'^, 9^) are three complex rotation parameters and T = (Ta) fg 
are the 50(3, C) generators. Then the third equation of (1) reduces to 



A+l + l + ^ = (3) 
M M '^s 

on account of the cyclic property of the trace, where Ai, A2 and A3 are the 
eigenvalues of (the now symmetric) "^ae- The first equation of (1) is 



We{*„e} = Ve{*ae} + C/^* fg = 0, (4) 

where we have defined 

= {fabfSge + fehg^af)Che (5) 

with 50(3, C) structure constants fahc- Also, using the 50(3, O) magnetic 
field we have defined the vector fields Va and the magnetic helicity density 
matrix Cae by 

^la = Bi^i^ Cae = AfBi, (6) 
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where is the magnetic field for Af, given by 



Bi = e'^%At + ^^^''UcA';Al. (7) 

Substituting (2) into (4), we obtain the following matrix representation (See 
Appendix A for derivation) 



(Ai - A2)v; 





(As- 


- Ai)v^ 


- A3)v^ 





-AsK (As- 


- Ai)v; 


'^i ~ ^'[23] 


r" 

"-"32 


C31 V2 


r" 

^[31] 




r" 

^12 




where we have defined 



C'eH = ie-'-^)ebie-'-^)hga,; v', = (e-^-^)rfeVe. (8) 

Note that (8) are the 50(3, C) rotated versions of their unprimed coun- 
terparts (6). We have obtained a system of three nonlinear differential 
equations in the unknown angles 6. Each triple of eigenvalues satisfying 
(3), combined with a connection Af determines the angles 6. We will argue 
that each well-defined 9 thus determined corresponds to a GR solution, by 
showing that (1) are actually the initial value constraints of GR. 



3 Ashtekar variables 

The eigenvalues Ai, A2 and A3 are coordinate-invariant and invariant under 
SO{3,C) rotations. The CD J matrix is also coordinate-invariant and 
can be seen, from the polar representation in (2), as the rotation of these 
eigenvalues into a new SO{3, C) frame 9. The existence of a magnetic field 
due to its spatial index i, amounts to the specification of coordinates 
X*. If one regards the vector fields Vq as fundamental, then becomes a 
derived quantity via 

Bi = ^a{x'}. (9) 
For each set of coordinate functions x*, the CD J matrix can be written as 
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^-,' = Bi{B-'){^J^. (10) 



Let us perform a re-definition of variables (cr = {B ^)/*je • Then one 
has the relation 



5a = "^aeBl, (11) 

which holds when all quantities are nondegenerate. Hence, a* and i3* both 
imply the choice of coordinates and the existence of a SO{3, C) frame due 
to having both internal and spatial indices. 

We will now write the constraints (1) in terms of a^. For the first equa- 
tion let us first define the SO{3, C) covariant derivative of "^ae 

Di^ae = di^ae + {fabf^fe + febg^ag) , (12) 

for some 50(3, C) connection Af. Multiplication of (12) by Bl yields 

We{*ae} = BlD^^ae = 0, (13) 

which can be written as 

Wei^ae} = A(^'aeSi) - ^-aeA^^ = 0. (14) 

We will now declare -B*, as defined by (9), to be the magnetic field for 
connection Af appearing in (12). Then satisfies the Bianchi identity 
DiBl^ = and upon use of (11), equation (14) transforms into 

Ga = Dfii = 0. (15) 
Multiplication of the second equation of (1) by {(ie\,B){B~^)f yields 

(detS)(S-i)fed„e*ae = eijkBiB^^ ae, (16) 

where we have used the property of determinants for nondegenerate 3 by 3 
matrices. Then upon use of (11), equation (16) becomes 

Hi = ei^^aiB^ = 0. (17) 
Finally, upon use of (11) the third equation of (1) becomes 
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= {deta)-' (A(det5) + \eijke'^''By,a'^) . (18) 
Hence for (deta) ^ 0, equation (18) is equivalent to 

H = eij,e^'^alai [b', + ^a',) = 0. (19) 

Equations (15), (17) and (19) arc none other than the Gauss' law, diffeomor- 
phism and the Hamiltonian constraints in Ashtckar variables [3] , [4] , [5] . Note 
that the analogous constraints in (1) contain only 50(3, C) indices. It will 
be more convenient to solve the constraints on the instanton representation 
phase space ^inst, since the physical degrees of freedom are explicit. 

In the instanton representation of Plcbanski gravity the spacetimc metric 
gfj,i, is a derived quantity. The prescription for constructing g^i, solving the 
Einstein equations starts first by constructing the spatial 3-metric hij in 
terms of the instanton representation variables. This is given by 

hij = (det^')(*-i^'-i)"^(B-i)«(B-i)|(detB), (20) 

which implies the relation hh^^ = alai upon use of the relation = "^ae^l-^ 
Then one must supplement (20) with the choice of a lapse-shift combination 
iV^ = {N, N^), which in loose terms corresponds to a choice of gauge. Then 
the line element is given by 

ds^ = -N'^dt^ + hijLj' ® oj^, (21) 

where we have defined the one form = dx^ + N^dt. 

If one adopts the view that the CDJ matrix is fundamental, then the 
information about coordinate systems is encoded in S*. Equation (20) de- 
picts a clean separation of these degrees of freedom. We would like to go 
one step further to the level of the eigenvalues of '^ae, which determine its 
algebraic classification. Since we have assumed nondcgenerate then we 
are restricted to Petrov Types I, D and O where ^'^e have respectively three, 
two and one distinct eigenvalues. 



^This is the relation of the induced contravariant 3-metric to the Ashtekar densitized 
triad al,. 
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4 Spacetimes of Petrov Type D 



For the purposes of this paper we wiU demonstrate solution of the initial 
value constraints for spacetimes of Petrov Type D, where has two equal 
eigenvalues. Denote these eigenvalues by A/ = {ipi,ip,(p) and all permuta- 
tions thereof. Then the Hamiltonian constraint reduces to 

— + - + A = 0. (22) 

(fi If 

Equation (22) yields the following relations which we will use later 




The self-dual Weyl curvature for a spacetime of Type D is of the form 
ijjae = ^(—2, 1, 1) for an arbitrary function which is traceless. The diago- 
nalized for of a Type D CDJ matrix is given by adding to this a cosmological 
contribution, which in matrix form is given by 



, , 4-2* 



^ae=-iSae+^ae=\ -^ + ^ 



3 

One can then read off the value of ip in (22) as 



t + * 



/4 + 2*\ . 3^- 



§ + *' ' v-f + */' ' -t + '^ 

Prom (24) the following quantities $ and ijj can be constructed 



$ = 



y(Ay + 3)^ 
(A(^ + 2)3 



ip = (p'^{A(p + 3) = 3 



V 2*1/3 + ^^-2/3 

( I Y 



(25) 



which will become useful later. We will now choose a connection, for illus- 
trative purposes, given by 




/ cos6' \ 


i 
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where g = g{r) is an arbitrary function only of radial distance r from the 
origin. By this choice wc have also made the choice of a coordinate system 
(r, 6*, (j)) to whose axes various quantities will be referred. The Ashtekar 
magnetic field derived from is given by 



( -(\ - ^)sin0 \ 

Sin0|:5-' 



V 




and the magnetic helicity density matrix Cae is given by 



Cae = A-Bl 



d_ 
dr 



( 








cose 



sme 



Vo -^(1-^) 
The vector fields = B\di can be read off from the magnetic field matrix 



These will constitute the differential operators in the Gauss' law constraint. 



5 First permutation of eigenvalues 

The simplest nontrivial solution should correspond to configurations where 

the SOi^^ C) angles 6 are zero. Then all primed quantities (72) arc the same 
as their unprimed counterparts (6). There are three distinct permutations of 
eigenvalues to consider, and the first permutation is given by A = {ipi, if, ip). 
Then (4) for this case reduces to 




where C\, 



Cn. 



— C32 C23 
V2 — C[3i] — Ci3 
C12 V3 — C[i2] 

Cea- This leads to the following equations 





Vl{<y9i} = C[23](</?1 - <y9); V2 {</?} = C31 ((/?- (/?i); = C2l{ipi - ^f) .{21) 

Using the results from (23), the first equation of (27) implies that 



-vi{ 



(28) 
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Using (23), equation (28) can be written as 



vi{- 



1 /kip^2\ 



)-t(A^)> 



1 /A(/7 + 2 



(Ayj + 2)vi{(p} - y^vijAy^ + 2} 



[23] 



(Ay. + 2)2 



(29) 



where we have used the Liebniz rule. Equation (29) then simphfies to 



2vi{v9} 



1 



(^(A(/? + 2)(A(/? + 3) 3 



vi{$} = Cps], 



which gives 



vi{ln$} = 3C[23] 



with $ given by (25). 

The second equation of (27) imphes that 



(30) 



(31) 



Using (23), equation (32) simphfies to 



A^ + 3 
A(^ + 2 



(32) 



^ = ^V2{^^Av. + 3)} = C31, 



which gives 



V2{lnV'} = 3C31. 



(33) 



(34) 



The manipulations of the third equation of (27) are directly analogous to 
(33) and (34), which implies that 



V3{<^} = -C2i¥'(^^) V3{lnV;} = -3C21. 



.A(^ + 2> 

Hence the three equations can be written as 



(35) 



vi{ln$} = 3q23]; V2{lnV^} = 3C31; vajlnV} = -3^21, 



(36) 
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where $ and -0 are given by (25). When the vector fields Va are invertible, 
then (36) imphes the relations 



$ = e^vj ^{C[23]}. ^ gSvj ^{Csi} ^ g-3v3 HC2i}_ (-37-) 

Hence, the imposition of vanishing SO (3, C) angles in conjunction with the 
equality of two eigenvalues from (37) results in severe constraints on the 
allowable configurations A". 

The first equation of (36) for the chosen configuration reduces to 



vi{ln$} = 3q,3] ^ -sine (l - ^) -ln$ = 3sine- (l - 1) , (38) 
which integrates to 



$ = c(e,<^)(l-l) ' (39) 

for some arbitrary function of two variables c. The second equation of (36) 
is given by 

V2{W} = 3(731 (|:5"')«ine^ = 0' (40) 
which implies that ijj = ip{r,(j)). The third equation of (36) is given by 

.3{,.,,.-3C.^(^,-)^^.0^ ,41, 

In conjunction with the results from (40), one has that ^ = ilj{r) must be a 
function only of r. Note that this is consistent with <I> only being a function 
of r as in (39), which requires that c{6,(p) = c be a numerical constant. 
Continuing from (39), we have 

1 \ 3 / 1 N -3 

cl-3 , (42) 



.2*1/3 + 1^-2/3; V ^2 

which upon redefining the parameter c yields the solution 



9' 



= (^1 _ - A*-2/3) \ (43) 

So knowing which comes directly from the CD J matrix for Type D and 
the fact that have been chosen to be zero, enables us to determine the 
connection explicitly in this case. 
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6 The spacetime metric 



Knowing the CDJ matrix eigenvalues and the magnetic field, we can now 
proceed to compute the 3-metric hij for the chosen configuration. The CDJ 
matrix constituent of (20) is given by 



(det*)(*-^*" 



l\ae 



V 










1 










\ 



and the magnetic field constituent is given by^ 



\ 



(1 - ^)suP9 J 

We would rather like to express the metric directly in terms of ^, which is 
the fundamental degree of freedom from the given Petrov Type. Hence from 
(42) we have 

1- J- = 1.^-2/3 (2^ + (44) 

5^ c V 6 / 

and 



1 — 








where ^' = Then in terms of ^' we have 

/ 1 ^-8/3(^02 (-A+vI,)2 n \ 

{B-')nB-rAdetB) ^ —\ ^ -0 ^ *-2/3(2.I.+ A) 

V ' *-2/3(2^r + A)sin2e / 

The fact that B^ is fixed by is a consequence of the imposition of vanishing 
SO{3, C) angles. This is a strong constraint, without which one would 
expect i?* and A j to be independent quantities. Multiplying these matrices 
together, we obtain the 3-metric 



^We have, in an abuse of notation, anticipated the result of multiplying all of the 
matrices needed for (20). This is allowed since the matrices are all diagonal. 
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hi j — 



' 9 l_2^i/3_A^-2/3 
c 3c 



V 










^-2/3 





^-2/3sin2e / 



This is a general solution for the first permutation sequence of the eigen- 
values. To doublecheck this result, let us see whether this can lead to any 
known solutions. First let us eliminate the constant of integration c via the 
rescaling ^' — > ^c~^/^. For the Af we have chosen, using the zero shift 
N'' = gauge, this yields a spacetime metric of 



9Vl 



2^1/3c-3/2 _ A^-2/3 



dr^ + {de'^ + sin'^edcl)'^) . (46) 



Already, it can be seen in this special gauge that (46) leads to some known 



GR solutions, (i) Taking ^' 
1 - - we obtain 

r 6 ' 



c = (GM)-2/3, = and A^^ 



( 1 



V 



2GM 
r 








A 2 
3' 



^ 2GM X3 
r 3 









^2 





r^sin^^ J 



which is the solution for a Euclidean DeSitter blackhole. This can be changed 
to Lorentzian signature by Wick rotation N iN. Choosing A = gives 
the Schwarzchild blackhole and choosing G = gives the DeSitter metric.^ 



7 Remaining permutations of eigenvalues 

Using a specific permutation of the eigenvalues of ^ae we have obtained 
some known GR solutions. Let us now examine whether any of the other 
permutations yield new solutions. For the second permutation of eigenvalues 
we have (p = {cp, (pi,(p), which leads to the Gauss' law constraint 

Y - C[23] -C32 C23 \ 1 / \ / \ 

C31 V2 - qai] -Ci3 (^1 = , 

L V -C21 C12 V3 - qi2] I^K^I V / 

which yields the equations 

''Setting M = corresponds to a transition from Type D to Type O spacetime, where 
* = 0. 
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V2{(yCl} = C[3i]((/7l - V^); V3W} = Ci2{(p - ipi); Vi{(^} = C32 (9?! - 9?) . (47) 

The first equation of (47) yields 
whidi integrates to 

$ = c(r, ^)sin-36l (49) 
for some arbitrary function c. The second equation of (47) yields 

V3{W} = 3^,2 = 0-. (I:,-) ^ = 0, (50) 

which implies that ijj = 'tp{r,6). The third equation of (47) yields 

vUln^} = -3C32 ^ -sine(l " ^) ^ = " ^) > (51) 

which integrates to 

/ 1 \ -3/2 

V' = M^,</')(l-^) ■ (52) 
For consistency with the results of (49) and (50), we must have that 

^ = 3(- VV3 + *2/3) ^ _ ^) -3/^. 

$ = 9(^A^-2/3 + 2*^/3) = c(r)sin-3^. (53) 
Equations (53) yield 

_A^-i/3 + ^2/3 ^ fc(^) /i_ J_. A^-2/3 + 2*V3 = c{r)sme. (54) 
3 V 5 3 

But (54) itself seems a rather stringent condition on 'I', so wc will be content 
for the purposes of this paper to examine the A = case for simplicity. 
Setting A = in (54) implies the following consistency condition that 
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c(r) = (^1 - — j ; k{Q) = sin6'. (55) 



Prom this we obtain 



/ 1 \3/4 „ 

= ^(r, e) = \\- —J sin^^. (56) 

For illustrative purposes we will now compute the 3-metric that this implies. 
For A = we have that 



2 

(det*)(^-^*-i)"^ = -_ \ 

^ i 



Using the magnetic field for the configuration chosen, which is the same as 
for the previous permutation, then (20) yields a 3-metric 



-3/4 



Sin 



v 








^(1 



^)sin2e / 



Let us choose a specific function for 5, for example 



5 = (1 - r^)-^/^ ^ ^ = -^(1 - ^')~'^'' (57) 
where we have taken r to be dimensionless. Then the 3-metric is given by 




which corresponds to a new solution. The 3-metric blows up for ^ = and 
^ = 0, as well as at r = and r = 1. 
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11 


1 


<:] 

















7.1 Third permutation of eigenvalues 

For the third permutation of eigenvalues we have = {if, (p,ipi), which leads 
to the Gauss' law constraint 



Vl — ^[23] — C32 C23 

C3I V2 — C[3i] — Ci3 

— C21 C12 V3 — C[i2] 

This leads to the equations 

= C[i2]i^i - V); vi{(/?} = C23(<(C-</?i); ■V2W} = Ci3{(pi- (p).{58) 
The first equation from (58) is given by 

V3{in$} = 3q,2i^ (1:5-^)^ = 0, (59) 

which implies that $ = $(r, ^). The second equation of (58) is given by 

vi{W} = 3C23 -sin0(l - = - (60) 

which integrates to 



/ 1 \ -3/2 
^ = k{e)(l-^) . (61) 



This is consistent with the results from (59), since there must be no (f) 
dependence. The third equation of (58) is given by 

V2{ W} = -3C,3 ^ - (— ) ^ = -3- {--) , (62) 
which integrates to 



V' = c(r)sin-^6'. (63) 

Prom (59) $ = <I>(r, 0) can be an arbitrary function of r and 6, and hence 
we are free to determine this dependence entirely from ip. Consistency of 
(61) with (63) implies that 
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^ = _^^-l/3 + ^2/3 ^ 1 _ / _ .g4) 

3 ^ g^^ 

Unlike the previous permutation of eigenvalues, there is no restriction in 
(64) in choosing a nonzero A, since the functional dependence of $ is not 
constrained. Hence we are free to solve the cubic polynomial (64) for 
which determines the function Making the definition z = equation 
(64) reduces to the cubic equation 



z3-^2 = A, (65) 



with solution 



* = 



2v/^sinh[isinh-i(^(-V)-3/2) 



(66) 



For the purposes of constructing a 3-metric we will be content with the 
A = case, which yields 



sin-^/2^ 

m = ^{r,0) = - -. (67) 



Using the previous configuration, equation (67) yields a 3-metric 



1 T 



\ 








i(l - i,)!,mH j 



Choosing the same function as before 1 ~ = f"^-, then we obtain a 3-metric 
given by 



1 







r^sin^^ 

which exhibits behavior complementary to the solution for the previous per- 
mutation. 
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8 Conclusion and discussion 



In this paper we have constructed some solutions to the Einstein equations, 
using the physical degrees of freedom of the instanton representation pro- 
vided by the initial value constraints. We have applied this scheme to space- 
times of Pctrov Type D, producing some known solutions. This construction 
is possible due to the clear separation of physical from unphysical degrees 
of freedom made possible in this forumaltion of gravity. In the algebraically 
general case one should expect the connection Af and the eigenvalues of 
to be independent quantities, which form the inputs needed to construct the 
50(3, C) frame solving the Gauss' law constraint.^ In the present paper we 
imposed the condition that the SO{3, C) angles vanish, which implies that 
the intrinsic 5*0(3, C) frame is the same as the frame solving the Gauss' law 
constraint. The result was that the eigenvalues and the connection became 
interrelated, a feature which is apparent in the solutions constructed. We 
have constructed spherically symmetric blackhole and other solutions via 
this method. For future directions are are at least two generalizations of 
this procedure to be investigated: (i) One generalization is to attempt to 
find algebraically general solutions with vanishing 50(3, C) angles, and then 
to lift this restriction by substituting different connections A^. (ii) Another 
generalization is to construct type D solutions using different connections to 
obtain corresponding non- vanishing 50(3, C) angles, (iii) It is also of inter- 
est to classify the different solutions constructable into equivalence classes, 
to ascertain which sectors of GR are encapsulated and which sectors are not 
via this appraoch.^ 

As regards the physical interpretation of the instanton representation 
phase space variables, a choice of connection appears to be tantamount to 
the choice of a coordinate system, while the choice of eigenvalues is inde- 
pendent of coordinates and also independent of the 50(3, C) frame. With 
this interpretation, the range of metric solutions constructible for different 
connections is simply a given Petrov type (which is the fundamental entity) 
expressed in different coordinate systems. 



■''There also seems to be no restriction to doing this for Pctrov Type D, by simply 
choosing a connection different from the one used in this paper to construct solutions. 
This will be a future direction of research. 

®It is already known that this method applies only to spacetimcs of Pctrov Type I, D 
and O, where the CD J matrix has three linearly independent eigenvectors. 
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9 Appendix A: Polar representation of the Gauss' 
law constraint 

Let us now compute (4), using (2). The part of (4) involving vector fields is 
given by 

= {e'-^),f{e'-%fMXf} + {e'-^U{e'-^U{TA),f{\f - \,)M0^}. (68) 

In (68) we have used the Liebniz rule in conjunction with matrix multipli- 
cation. Combining the results of (68) and (5) in (4), we have 

+{e'-^)ag{TA)gf{\f " A,) (e-''-^)/eVe{^^} + C„^^(e'^-^)/,(e^-^),,A, = 0. (69) 
Multiplying (69) by {e~^''^)da and using the relation 

we will now explicitly compute the required terms. The first term on the 
right hand side of (70) can be rewritten as 



[e ''^)da{e ' )hffabf{e ' )hgCbg 



= (e-^-^).a(e^-^)6e(e-^-^)ec(e-^-^),//„c/(e-^-^).,C,, 
= (e-^-^).„(e-^-^)ec(e-^-^).//.c/(e-^-^)e.(e-^-^).,C,, (71) 

where we have used e^ -^e^^ -^ = 1, and the second term is given by —{e~^'^)dgCg 
where Cg = fgbeCbe- Making the definitions 

C'eK = {e-'-^)eb{e-'-^)hgCbg; V, = (e-^-^),,Ve, (72) 

which identifies the primed quantities as the 5*0(3, C) rotation of their un- 
primed counterparts in (6) on all free indices, and using the special orthog- 
onal property 



{e-'-^)da{e-'-^)ec{e-'-^)hffacf = idete-'-^) fdeh = fdeh, (73) 
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then the contraction of (70) with is given by 



(74) 



Then (4) can be written as 



^'diU - C'aXd + fdehC',h\ + {TA)dfiXf - XdWf{0^} = 0, (75) 

which in matrix form is given by 

(A3-Ai)v^ (Ai-A2)v^ 

(A2 - A3)v^j (Ai - A2)v; 

(A2-A3)v'2 (A3-Ai)v'i 



^31 
"^"21 



[23] 



'^32 



[31] 



C23 

-c' 
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Our goal, as a first check on our results, will be to obtain the spherically 
symmetric vacuum blackhole solutions. 
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